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POLYNOMIALS OF GENUS ONE PRIME KNOTS
OF COMPLEXITY AT MOST FIVE
MAXIM IVANOV AND ANDREI VESNIN
ABSTRACT. Prime knots of genus one admitting diagram with at most five clas-
sical crossings were classified by Akimova and Matveev in 2014. In 2018 Kaur,
Prabhakar and Vesnin introduced families of 𝐿-polynomials and 𝐹 -polynomials
for virtual knots which are generalizations of affine index polynomial. Here we
introduce a notion of totally flat-trivial knots and demonstrate that for such knots
𝐹 -polynomials and 𝐿-polynomials coincide with affine index polynomial. We
prove that all Akimova – Matveev knots are totally flat-trivial and calculate their
affine index polynomials.
INTRODUCTION
Tabulating of virtual knots and constructing their invariants is one of the key
problems in mordern low-dimensional topology. Table of virtual knots with dia-
grams, having at most four classical crossings may be found in monography [3] and
online [4]. Due to equivalence of virtual knots and knots in thickened surfaces, it’s
interesting to consider tabulation of knots in 3-manifolds, which are thickenings
of surfaces of certain genus. Up to now, there are just few results in this direction.
Here we consider prime knots of genus one, admitting diagrams with small number
of classical crossings, tabulated by Akimova and Matveev in [1].
We are intrested in behaviour of several polynomial invariants on Akimova –
Matveev knots. Recall that Kaufman in [7] defined an afiine index polynomial
which is an invariant of a virtual knot and possess some important proprties [8].
In [9] a generalization of affine index polynomials was introduced, namely a fam-
ily of 𝐿-polynomials {𝐿𝑛𝐾(𝑡, ℓ)}∞𝑛=1 and family of 𝐹 -polynomials {𝐹𝑛𝐾(𝑡, ℓ)}∞𝑛=1.
In [5] authors, using their software, calculated 𝐹 -polynomials of knots tabulated in
[3] and [4]. Here we consider polynomial invariants for knots in a thickened torus.
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The paper has the following structure: in Section 1 we recall some basic defi-
nitions and facts to use further, in Section 2 we introduce totally flat-trivial knots
and show that for these knots 𝐿-polynomials and 𝐹 -polynomials coincide with
affine index polynomial, in Section 3 we calculate these invariants for Akimova –
Matveev knots. In Theorem 3.1 we show that Akimova – Matveev knots are totally
flat-trivial. In Corollary 3.2 and Table 2 their affine index polynomials are given.
The investigation of properties of Akimova – Matveev knots leads to the following
Question 3.3: Is it true, that every virtual knot of genus one is totally flat-trivial?
1. BASIC DEFINITIONS
Virtual knots and links were introduced by Louis Kaufman in [6] as an essential
generalization of classical knots. Diagrams of virtual knots may have classical and
virtual crossings both. Two virtual knots are equivalent if and only if their diagrams
could be transformed in each other by finite sequences of classical (RI, RII, RIII in
Fig. 1) and virtual (VRI, VRII, VRIII and SV in Fig. 2) Reidemeister moves.
FIGURE 1. Classical Reidemeister moves.
FIGURE 2. Virtual Reidemeister moves.
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Diagram, obtained by forgetting over/under crossing information is said to be
flat knot diagram. Equivalence of flat knots is defined by flat Reidemeister moves,
which are different from virtual Reidemeister moves in having flat crossings instead
of classical ones.
Let 𝐷 be a diagram of an oriented virtual knot. We denote the set of all classical
crossings of diagram 𝐷 as 𝐶(𝐷). Sign of a classical crossing, denoted by sgn(𝑐)
is defined as shown in the Fig. 3.
I 
sgn(𝑐) = +1
I 
sgn(𝑐) = −1
FIGURE 3. Signs of classical crossings.
For every arc in a diagram of virtual knot we assign an integer value in such way
that relations presented in a picture4 hold. In [7] Kaufman proved, that such color-
ing of an oriented virtual knot diagram, called Cheng coloring, always exists. In-
deed, for every arc 𝛼 of a diagram𝐷 one can assign value 𝜆(𝛼) =
∑︀
𝑐∈𝑂(𝛼) sgn(𝑐),
where 𝑂(𝛼) is the set of classical crossings, which are fist met as overcrossings,
when moving around the knot from 𝛼 with respect to the orientation.
I 
𝑏 + 1
𝑎 𝑏
𝑎− 1
I 
𝑏 + 1
𝑎 𝑏
𝑎− 1
I f𝑏
𝑎 𝑏
𝑎
FIGURE 4. Cheng coloring
In [2] Cheng and Gao put every classical crossing in correspondence with an
integer value Ind(𝑐), defined as
(1) Ind(𝑐) = sgn(𝑐)(𝑎− 𝑏− 1)
where 𝑎 and 𝑏 given by Cheng coloring. One can notice, that Cheng coloring does
not depend on types of classical crossings and hence it is defined for an oriented
flat knot diagram. Let us remember that affine index polynomial from [7] can be
written in the following form:
(2) 𝑃𝐷(𝑡) =
∑︁
𝑐∈𝐶(𝐷)
sgn(𝑐)(𝑡Ind(𝑐) − 1),
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where 𝐶(𝐷) is a set of all classical crossings of 𝐷.
In [11] Satoh and Taniguchi introduced a notion of 𝑛-writhe 𝐽𝑛(𝐷). For every
𝑛 ∈ Z ∖ {0} define 𝑛-writhe of oriented virtual knot diagram as a difference be-
tween number of positive crossings and negative crossings of index 𝑛. Notice that
𝐽𝑛(𝐷) is a coefficient of 𝑡𝑛 in affine index polynomial and it is an invariant of ori-
ented virtual knot. For more information about 𝑛-writhe see [11]. Using 𝑛-writhe
in [9] was defined another invariant – 𝑛-dwrithe ∇𝐽𝑛(𝐷):
∇𝐽𝑛(𝐷) = 𝐽𝑛(𝐷)− 𝐽−𝑛(𝐷).
Remark 1.1. ∇𝐽𝑛(𝐷) is an invariant of oriented virtual knot, since 𝐽𝑛(𝐷) is an
invariant of oriented virtual knot. Moreover,∇𝐽𝑛(𝐷) = 0 for every classical knot.
As it shown in [9],∇𝐽𝑛(𝐷) represents a flat knot structure. Namely, the follow-
ing lemma holds
Lemma 1.2. [9, Lemma 2.4] For every 𝑛 ∈ N, 𝑛-dwrithe ∇𝐽𝑛(𝐷) is an oriented
flat knot invariant.
Let ?¯? be a diagram, obtained from 𝐷 by reversing an orientation and 𝐷* is
obtained by switching all classical crossings.
Lemma 1.3. [9, Lemma 2.5] Let 𝐷 be a diagram of oriented virtual knot, then
∇𝐽𝑛(𝐷*) = ∇𝐽𝑛(𝐷) and ∇𝐽𝑛(?¯?) = −∇𝐽𝑛(𝐷).
Consider a smoothing according to the rule, shown in picture 5. We will call this
kind of smoothing by smoothing against orientation. Orientation of 𝐷𝑐 is induced
by smoothing. Since 𝐷 is a diagram of virtual knot, so 𝐷𝑐 is a diagram of virtual
knot too.
I  −→
	

and
I  −→ I
R
FIGURE 5. Smoothing.
Definition 1.4. [9] For a diagram 𝐷 of a virtual oriented knot 𝐾 and an integer 𝑛,
a polynomial 𝐿𝑛𝐾(𝑡, ℓ) is defined as:
(3) 𝐿𝑛𝐾(𝑡, ℓ) =
∑︁
𝑐∈𝐶(𝐷)
sgn(𝑐)
(︁
𝑡Ind(𝑐)ℓ|∇𝐽𝑛(𝐷𝑐)| − ℓ|∇𝐽𝑛(𝐷)|
)︁
.
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Note that 𝐿-polynomials generalize affine index polynomial, since 𝑃𝐾(𝑡) =
𝐿𝑛𝐾(𝑡, 1) for every 𝑛 and every 𝑡.
Definition 1.5. [9] For a diagram 𝐷 of a virtual oriented knot 𝐾 and an integer 𝑛,
a polynomial 𝐹𝑛𝐾(𝑡, ℓ) is defined as:
(4)
𝐹𝑛𝐾(𝑡, ℓ) =
∑︁
𝑐∈𝐶(𝐷)
sgn(𝑐)𝑡Ind(𝑐)ℓ∇𝐽𝑛(𝐷𝑐)
−
∑︁
𝑐∈𝑇𝑛(𝐷)
sgn(𝑐)ℓ∇𝐽𝑛(𝐷𝑐) −
∑︁
𝑐/∈𝑇𝑛(𝐷)
sgn(𝑐)ℓ∇𝐽𝑛(𝐷),
where 𝑇𝑛(𝐷) = {𝑐 ∈ 𝐶(𝐷) : |∇𝐽𝑛(𝐷𝑐)| = |∇𝐽𝑛(𝐷)|}.
Theorem 1.6. [9] For every integer 𝑛 ≥ 1 polynomials 𝐿𝑛𝐾(𝑡, ℓ) and 𝐹𝑛𝐾(𝑡, ℓ) are
oriented virtual knot invariants.
2. TOTALLY FLAT-TRIVIAL KNOTS
Let 𝐷 be a diagram of oriented virtual knot 𝐾 and 𝐶(𝐷) a set of all classical
crossings in 𝐷.
Definition 2.1. We will call 𝐷 totally flat-trivial if diagrams obtained from 𝐷
and 𝐷𝑐 for all 𝑐 ∈ 𝐶(𝐷) by forgetting over/under crossing information are flat
equivalent to unknot. Virtual knot 𝐾 is said to be totally flat-trivial, if it admits a
totally flat-trivial diagram.
Lemma 2.2. If virtual knot 𝐾 is totally flat-trivial, then
(1) For all 𝑛 ≥ 1 we have 𝐿𝑛𝐾(𝑡, ℓ) = 𝑃𝐾(𝑡) and 𝐹𝑛𝐾(𝑡, ℓ) = 𝑃𝐾(𝑡).
(2) 𝑃𝐾(𝑡) is palindromic.
Proof. (1) Let 𝐷 be a totally flat-trivial diagram of a knot 𝐾, 𝐶(𝐷) a set of all its
classical crossings, and 𝐷𝑐 a diagram, obtained by smoothing against orientation
in crossing 𝑐 ∈ 𝐶(𝐷). By the definition, all these diagrams are flat-equivalent to
a trivial knot. By Lemma 1.2 we have ∇𝐽𝑛(𝐷) = 0 and ∇𝐽𝑛(𝐷𝑐) = 0 for all
𝑐 ∈ 𝐶(𝐷). From these equalities and formulas (2), (3), and (4) we obtain that
𝐹𝑛𝐾(𝑡, ℓ) = 𝐿
𝑛
𝐾(𝑡, ℓ) = 𝑃𝐾
(2) It was mentioned above that 𝐽𝑛(𝐷) is a coefficient of 𝑡𝑛 in affine index
polynomial. By the equality ∇𝐽𝑛(𝐷) = 𝐽𝑛(𝐷)− 𝐽−𝑛(𝐷) = 0, coefficients of 𝑡𝑛
and 𝑡−𝑛 coincide and 𝑃𝐾(𝑡) is palindromic. 
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Recall the following properties of affine index polynomial. Let ?¯? be a diagram,
obtained from 𝐷 by reversing orientation and 𝐷* is obtained by switching all clas-
sical crossings.
Lemma 2.3. [7] The following equalities hold
𝑃?¯?(𝑡) = 𝑃𝐾(𝑡
−1) and 𝑃𝐾*(𝑡) = −𝑃𝐾(𝑡).
3. POLYNOMIAL INVARIANTS OF AKIMOVA-MATVEEV KNOTS
Prime knots in thickened torus 𝑇 × 𝐼 , that is a product of 2-dimensional torus
𝑇 and the unit interval 𝐼 = [0, 1], admitting diagrams with at most five classical
crossings were tabulated by Akimova and Matveev in [1]. The total number of
these diagrams is equal to 90. Due to Kuperberg’s result [10], it is equivalent to
tabulating prime virtual knots of genus one. To distinguish the knots, Akimova and
Matveev introduced for diagrams on a torus an analogue of bracket polynomial.
These diagrams, pictured on a plane using virtual crossing are given in [1, Fig.
17]. For reader’s convenience we present them in Tables 3 and 4.
Theorem 3.1. Every Akimova –Matveev knot is totally flat-trivial.
Proof. It’s easy to see, that forgetting the information of over/under crossings in
diagrams from Tables 3 and 4 leads us to 40 different diagrams of flat knots as in
Table 1. Further we consider each of these classes separately and prove them to be
TABLE 1. Classes of diagrams.
knot knot knot knot knot
1 2.1 9 4.10, 4.11 17 5.10 25 5.23, 5.24 33 5.40-5.42
2 3.1 10 4.12-4.14 18 5.11 26 5.25, 5.26 34 5.43-5.46
3 3.2, 3.3 11 4.15-4.17 19 5.12 27 5.27-5.29 35 5.47-5.50
4 4.1 12 5.1, 5.2 20 5.13 28 5.30 36 5.51-5.53
5 4.2 13 5.3, 5.4 21 5.14 29 5.31 37 5.54-5.59
6 4.3 14 5.5 22 5.15, 5.16 30 5.32, 5.33 38 5.60-5.65
7 4.4, 4.5 15 5.6, 5.7 23 5.17, 5.18 31 5.34-5.37 39 5.66-5.68
8 4.6-4.9 16 5.8, 5.9 24 5.19-5.22 32 5.38, 5.39 40 5.69
totally flat-trivial. Changing type of a crossing leads to changing in orientation of
a knot, obtained by smoothing at the crossing. Thereby it is sufficient to consider
just one member from each of 40 classes to prove the theorem for the all 90 knots.
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FIGURE 6. Diagram of a virtual knot 𝐾 = 5.17.
As an example we consider a virtual knot 𝐾 = 5.17 pictured in Fig. 6.
It’s easy to see, that it is flat-trivial. Then we consider all the diagrams obtained
by smoothings in classical crossings. There are five classical crossings denoted as
𝑎1, 𝑎2, 𝑏1, 𝑏2, 𝑐. Diagrams, obtained by smoothings at 𝑎1, 𝑏2 and 𝑐 are shown in
the picture 7.
FIGURE 7. Diagrams, obtained by smoothings at crossings 𝑎1, 𝑏1
and 𝑐, respectively.
As one can see, all diagrams in Fig. 7 are also flat-trivial. Similarly, diagrams
obtained by smoothing at 𝑎2 and 𝑏2 are also flat-trivial. Hence, virtual knot 𝐾 =
5.17 is totally flat-trivial. Analogous considerations for knots from other classes
show that they are all totally flat-trivial, and thus all Akimova-Matveev knots are
totally flat-trivial. 
Theorem 3.1 and Lemma 2.2 allow us o obtain the following properties of 𝐿-
polynomials, 𝐹 -polynomials and affine index polynomial of Akimova – Matveev
knots.
Corollary 3.2. Let 𝐾 be a genus one knot admitting a diagram with at most five
crossings. Then for every 𝑛 ≥ 1 its 𝐿 polynomials and 𝐹 -polynomials coin-
cide with affine index polynomial, presented in Table 2, where knots are splitted
in groups with respect to the value of polynomials for the knot 𝐾 or its mirror
image 𝐾*.
Question 3.3. Is it true, that every virtual knot of genus one is totally flat trivial?
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TABLE 2. Polynomial invariants.
knot 𝐾 polynomial 𝑃𝐾(𝑡)
4.4, 4.5, 5.15, 5.16, 5.27, 5.28, 5.29, 5.30,
5.31, 5.45, 5.47, 5.48, 5.67, 5.69 0
2.1, 3.1, 4.2, 5.6, 5.7*, 5.10*, 5.13*, 5.19,
5.20, 5.21*, 5.22, 5.23, 5.24*, 5.43, 5.46 𝑡−1 − 2 + 𝑡
4.1*, 4.3, 5.5, 5.12, 5.44 2𝑡−1 − 4 + 2𝑡
3.2, 3.3, 4.6, 4.9, 4.10, 4.11, 5.3, 5.4*, 5.8, 5.9*,
5.14, 5.17, 5.18*, 5.32, 5.33, 5.34, 5.37, 5.49, 5.66 𝑡−2 − 2 + 𝑡2
5.1, 5.2, 5.11, 5.25, 5.26, 5.50, 5.68 2𝑡−2 − 4 + 2𝑡2
4.8, 5.35*, 5.39* 𝑡−2 − 𝑡−1 − 𝑡 + 𝑡2
4.7, 5.36, 5.38 𝑡−2 + 𝑡−1 − 4 + 𝑡 + 𝑡2
4.13, 4.15, 4.16, 4.17, 5.40, 5.41, 5.42*, 5.52, 5.53* 𝑡−3 − 2 + 𝑡3
4.14 𝑡−3 − 𝑡−1 − 𝑡 + 𝑡3
4.12, 5.51 𝑡−3 + 𝑡−1 − 4 + 𝑡 + 𝑡3
5.54, 5.57, 5.60, 5.61, 5.62, 5.63, 5.64*, 5.65 𝑡−4 − 2 + 𝑡4
5.56, 5.68* 𝑡−4 − 𝑡−2 − 𝑡2 + 𝑡4
5.55, 5.59 𝑡−4 + 𝑡−2 − 4 + 𝑡2 + 𝑡4
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TABLE 3. Diagrams of Akimova – Matveev knots (I).
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TABLE 4. Diagrams of Akimova – Matveev knots (II).
